New physics coupling to the Higgs sector of the Standard Model can lead to dangerously large corrections to the Higgs mass. We investigate this problem in the type II seesaw model for neutrino mass, where a weak scalar triplet is introduced. The interplay of direct and indirect constraints on the type II seesaw model with its contribution to the Higgs mass is analyzed. The focus lies on testable triplet masses and (sub) eV-scale triplet vacuum expectation values. We identify scenarios that are testable in collider and/or lepton flavor violation experiments, while satisfying the Higgs naturalness criterion.
I. INTRODUCTION
The absence of any compelling new physics signal at high energy and high sensitivity experiments strengthens the case for studying the issue of the hierarchy problem and naturalness. New physics coupling to the Higgs sector of the Standard Model (SM) is expected to give radiative corrections to the Higgs mass, and according to the naturalness condition, these corrections must not exceed the measured value of the Higgs mass. Various such possibilities exist for new physics coupling to the SM Higgs boson. In search for a motivated ansatz, one notes that neutrino physics is an attractive starting point, since it remains the only new physics beyond the SM that has been observed in laboratory experiments. Indeed, most mechanisms that generate neutrino mass include couplings of new particles with the SM Higgs doublet. In those scenarios, naturalness considerations can provide useful constraints on the parameters responsible for neutrino mass, see e.g. Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . This paper will focus on the minimal type II seesaw mechanism [15] [16] [17] [18] , in which a weak scalar triplet is responsible for neutrino mass. Unlike the type I or III seesaw mechanisms, where the radiative contribution to the Higgs mass is suppressed by the lightness of neutrino mass, and thus very large masses (up to 10 7 GeV) of the new particles (fermion singlets and triplets) are allowed, the type II seesaw can pose problems already when the triplet mass is of order TeV. These values are testable at colliders [19] [20] [21] [22] [23] [24] [25] and with lepton flavor violation (LFV) [26] [27] [28] [29] . Apart from the direct LHC and LFV constraints, the full type II seesaw model faces several indirect constraints such as unitarity, vacuum stability and perturbativity [9, 10, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , which should be satisfied up to the Planck scale, if we do not assume any other new physics. In this work, we investigate the interplay of all those direct and indirect constraints in light of the naturalness criterion. We focus on the most appealing scenario, namely testable values of the triplet mass around TeV and (sub) eV values of the triplet vacuum expectation value (VEV).
The rest of the paper is built up as follows: in Section II we review the formalism of the minimal type II seesaw model and its connection to the Higgs sector of the SM, including the correction to the Higgs mass. Section III summarizes the various direct and indirect constraints on the model. In Section IV the details and results of our numerical analysis are presented, including implications for LFV and Higgs decays h → γγ and h → Zγ. We conclude in Section V.
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II. THE MINIMAL TYPE II SEESAW MODEL
A. Basics
In the minimal type II seesaw model, the SM particle content is enlarged by the addition of a weak triplet complex scalar field ∆, which transforms as (3, 1) under the SU (2) L × U (1) Y electroweak (EW) gauge group:
So the scalar sector of the model consists of ∆(3, 1) and the SU (2) L -doublet Higgs field Φ which transforms as (2,1/2):
The minimal Lagrangian for this model is given by
where the kinetic and Yukawa interaction terms are, respectively,
Here σ 2 is the second Pauli matrix, C is the Dirac charge conjugation matrix with respect to the Lorentz group and D µ ∆ is the covariant derivative of the scalar triplet, given by
where g and g are the weak and hypercharge interaction couplings, respectively. The scalar potential in Eq. (3) can be written as [35] 
The coupling Λ 6 is a dimension-full parameter, with mass dimension one. The coupling constants λ i (i = 1, 2, 4, 5) can be chosen to be real through a phase redefinition of the field ∆. The parameters µ 2 and λ are chosen to be positive to ensure the spontaneous EW symmetry breaking of the SU (2) L ×U (1) Y gauge group to U (1) em through the Higgs mechanism, when the neutral component of Φ acquires a VEV, φ 0 = v/ √ 2. This induces a tadpole term for the ∆ field via the Λ 6 term in Eq. (7), thereby generating a non-zero VEV for its neutral component,
B. Masses
Expanding the neutral scalar fields φ 0 and δ 0 around their VEVs,
we obtain
which leads to 10 real scalar fields (4 from Φ and 6 from ∆). v, the mixing among the doublet and triplet scalars are small. Neglecting also the fine-tuned possibility that the two CP-even scalars are degenerate in mass, the lightest physical scalar can be identified as the SM Higgs with mass eigenvalue m 2 h λv 2 , essentially unchanged from the SM case, while the remaining masses are given by
Note that the splitting between the dominantly triplet scalar masses is proportional to λ 5 v 
III. CONSTRAINTS ON THE MODEL
A. Correction to the Higgs mass and Naturalness
From the scalar potential (7) of the type II seesaw model, one can see that the new heavy scalar triplet directly couples to the SM Higgs doublet through the λ 4 , λ 5 and Λ 6 terms. These couplings give rise to one-loop corrections involving the heavy scalar triplets to the bare Higgs mass, as shown in Figure 1 . Applying the Feynman gauge, using d-dimensional regularization and the MS-scheme to remove the infinities that appear in the momentum integrals through counterterms, we obtain
where µ R is the regularization scale. Here the dimensionless coupling λ 6 is defined as λ 6 ≡ Λ 6 /M ∆ and we have neglected terms proportional to v thus set the term in squared brackets to 1. Note that λ 5 does not appear in the final result, though diagrams involving it and contributing to the mass correction exist. This happens [3] because of the Φ † [∆ † , ∆]Φ structure of the term in the potential. It uses the Higgs fields as SU (2) triplet, while whatever is proportional to Higgs mass must be a singlet. From (21) , neglecting the λ 6 contribution, since it is much smaller [cf. Eq. (15)], we find that
Thus, TeV-scale triplet masses pose a problem for naturalness, unless the quartic coupling λ 4 1. This is in contrast to naturalness in case of the type I seesaw, where the correction δm GeV on the right-handed neutrino mass arise [13] .
B. Stability, Unitarity and Perturbativity
The necessary and sufficient conditions which ensure the potential (7) of the type II seesaw model is bounded from below have been studied in Refs. [32, 38, 39] . Taking into account all field directions, they can be written as follows:
Two further stability conditions, recently given in Ref. [38] , are
Those conditions are sufficient but not necessary, and have to be substituted by the disjunction Eq. (23f), in which one of the two conditions must be satisfied in order the have a bounded from below potential. In addition, constraints on the scalar potential parameters can be obtained by demanding treelevel unitarity to be preserved in a variety of scattering processes: scalar-scalar scattering, gaugeboson-gauge-boson scattering, and scalar-gauge-boson scattering. These have been studied in the type II seesaw model e.g. in Ref. [32] (see also references therein). Demanding the tree level unitarity to be preserved for different elastic scattering processes the following constraints are obtained:
Finally, perturbativity implies that all dimensionless parameters are smaller than 4π.
C. Direct Constraints from the LHC
Direct limits on the triplet masses have been derived from collider searches of multi-lepton final states. A typical process at hadron colliders is the Drell-Yan pair production of δ ++ δ −− through s-channel γ/Z exchange, with subsequent decay of δ ±± into charged lepton pairs, which is the dominant decay mode for v ∆ < ∼ 0.1 MeV [19, 20] . One can also have the associated production of δ ±± δ ∓ through s-channel W ± exchange, followed by the δ ±± decay to charged lepton pair and δ ∓ decay to a charged lepton and neutrino final state. In both cases, the limits on the triplet mass will depend on the relative branching ratios to different final state charged lepton flavors. For instance, using the √ s = 13 TeV LHC data, both ATLAS and CMS experiments have set a lower limit on the doubly-charged scalar masses from about 400 GeV to 800 GeV, depending on the final state lepton flavor [43, 44] . We will assume here the absolute lower limit of m ∆ > 400 GeV valid for all flavors. In the future, these limits can be improved by about a factor 2 with the high-luminosity (HL) LHC, and by a factor 10 with a 100 TeV pp collider [24, 25] . There is also a constraint from EW precision data (the oblique parameter T ) on the mass difference between the doubly and singly charged triplet scalars [45] . It constrains this splitting to
almost independently of the double charged Higgs mass [20, 33] . From Eqs. (18)- (20) we see that the mass splitting among the triplet components is induced by the λ 5 -coupling:
Taking typical lower limits from direct searches, the constraint becomes
D. Lepton Flavor Violation
The seven physical bosons introduced in the type II seesaw model contribute to many LFV processes. We will see that the low scale seesaw case, with 400 GeV < M ∆ < 1 TeV, is severely constrained by experiments searching for LFV, which have set stringent bounds on the branching ratio of these processes.
The (18), (19)]. Since the sign of λ 5 is not known a priori, both m H + > m H ++ and m H + < m H ++ are possible. For values of the triplet mass scale much larger than the EW scale this splitting is negligible, whereas for values close to the EW scale the splitting could be of few GeV and therefore noticeable. However, even in the case of a low-scale seesaw, the impact of the splitting in the LFV branching ratios is almost not perceptible, and therefore not relevant in our study. Thus, the mass difference will be neglected in the following and we will consider m H + m H ++ = M ∆ .
The branching ratio for µ → eγ is given by [26, 46] 
where α em ≡ q 2 e /4π = 1/137 is the fine structure constant, G F = 1.17 × 10 −5 GeV −2 is the Fermi constant and BR(µ → eνν)
100% [42] . The µ → eγ process provides the strongest constraint on the triplet parameters, and it cannot be evaded because (Y † ∆ Y ∆ ) eµ cannot vanish [28] . Similar expressions as (29) exist for τ → µγ and τ → eγ. Formulas for the decays µ → 3e, τ →l i l j l k and µ-e conversion in nuclei can be found in Refs. [26, 46] as well. The latter are subject to strong variation, because they depend on individual elements of Y ∆ , which can vanish [47, 48] . Crucial is that (Y † ∆ Y ∆ ) eµ is essentially fixed by neutrino oscillation data [28] . Looking at (29), the branching ratio is then proportional to 1/(v ∆ M ∆ ) 4 , which implies a lower limit on the product v ∆ M ∆ . This is the most stringent LFV constraint in the type II seesaw model. To be a bit more definitive, the above branching ratio depends on 
The best-fit value is 5.4 × 10
, and the 3σ range is (0.30 − 1.2) × 10
, for the normal mass ordering. What is of interest here are limits on the triplet mass from LFV. Since M ∆ appears with the fourth power in the branching ratios, the full range of
is not important. Table I summarizes the experimental limits on the branching ratios for the different LFV processes and the corresponding constraints on the various combinations of the Yukawa coupling matrix elements of the leptons to the scalar triplet. These upper bounds on the Yukawa couplings can be used to set lower bounds on the VEV of the scalar triplet v ∆ for a given triplet mass M ∆ using Eq. (12) . In general, the prediction depends on the type of hierarchy of the neutrino mass spectrum: normal hierarchy (NH) or inverted hierarchy (IH). For a given spectrum, it can depend on the Majorana and Dirac phases, as well as on the value of the lightest neutrino mass, m νmin .
For illustration purposes, we have computed the lower limit of the product v ∆ M ∆ for NH and IH considering m νmin = 0 and m νmin = 0.2 eV, which satisfy the current upper limits set by neutrinoless double beta decay experiments and cosmology. We have also used the best-fit values of the neutrino oscillation parameters and considered the cases of zero and non-zero Majorana phases, with (α 1 = π/3, α 2 = π/2) in the second case, corresponding to no and large cancellations in the elements of Y ∆ , respectively. The results are summarized in Table II . Note that taking the lightest Table II , it can be observed that the most stringent bounds come from the µ → eγ and µ → 3e decays; BR(µ → eγ) is independent of the Majorana phases [cf. Eq. [47, 48] . In view of this dependence of the bounds on the value of the Majorana phases, we will consider in what follows mostly the limits set by the µ → eγ process.
IV. RESULTS AND DISCUSSION
A. Allowed Parameter Space
In this section, we will use the constraints from vacuum stability and unitarity of scattering processes, Eqs. (23a)-(23f) and Eqs. (25a)-(25f) respectively, and by imposing them to be fulfilled up to the Planck scale, restrict the parameter space in the type II seesaw model.
To ensure that the vacuum stability and the unitary conditions presented above are fulfilled up to the Planck scale, it is necessary to study their renormalization group equations (RGEs). Depending on whether the renormalization scale µ is below or above the new energy scale, determined by M ∆ , the RG running will be different, because below the scale of M ∆ , the scalar triplet can be integrated out and we are effectively left with the SM. We will employ two-loop RGEs for the SM couplings and one-loop RGEs for the new couplings associated with the type II seesaw scenario, following the procedure specified in Ref. [35] . The one-loop RGEs for the various scalar couplings λ 1,2,4,5 (λ 6 is decoupled at one-loop level) in the type II seesaw model are given in Refs. [31, 35, 52 , 53] and we do not write them here explicitly. The equations depend on the quartic couplings λ 1,2,4,5 , the gauge couplings g and g , and the Yukawa couplings Y † ∆ Y ∆ . Below the scale M ∆ , the effective quartic SM Higgs coupling is shifted down to λ → λ − λ Table II . Lower limit on the product v∆M∆ obtained from the experimental bounds on the branching ratio of different LFV processes (Table I) , for NH and IH, calculated using the best fit values of the neutrino oscillation data [51] , with Majorana phases α1 = 0, α2 = 0 (α1 = π/3, α2 = π/2) and assuming the lightest neutrino mass to be 0 eV and 0.2 eV.
importance. The running of λ also depends on the top quark Yukawa coupling, which is the only fermion Yukawa we have considered in the RGEs. The boundary conditions can be determined from the one-loop matching conditions, described in Ref. [35] . If the energy scale is larger than M ∆ , the gauge and λ couplings receive additional contributions, in particular the beta-function of λ receives a positive contribution from λ , which helps to improve the EW vacuum stability. We first run the gauge couplings from their values at the Z mass to the top mass, then set the boundary conditions for the Higgs quartic and top Yukawa coupling at the top mass, then run them to M ∆ , and from there, run them to the Planck scale with the triplet scalar contributions.
Using this procedure, we analyze numerically the parameter space in the scalar sector of the type II seesaw model which satisfies the vacuum stability, unitarity and perturbativity conditions discussed in Section III B up to the Planck scale. We also impose the different constraints coming from direct searches and LFV experiment, explained in Section III C and III D respectively, which fix the allowed values of the triplet mass M ∆ and triplet VEV v ∆ , and check that the restriction on λ 5 from EW precision data [cf. Eq. (28)] is fulfilled. In addition, we also study which part of the allowed parameter space fulfills the naturalness condition (cf. Section III A), which we take as |δm In particular, we focus on the low scale seesaw, so we only consider the case in which the scale of new physics M ∆ is in the TeV range, M ∆ ∼ (400 GeV − 3 TeV), which could be testable at the LHC and future colliders [24] . For simplicity, we assume that the mass splitting of the triplet components is negligible, so that m H ++ m H + ≡ M ∆ . This would anyway have only small effect on our results. We also restrict the study to small values for the triplet VEV v ∆ ∼ O(eV), in order to have sizable Yukawa couplings.
To obtain the allowed parameter space, we randomly generate sets of (λ 1 , λ 2 , λ 4 , λ 5 ) for a fixed triplet mass and VEV, which fulfill the perturbativity, vacuum stability and unitarity conditions. We take these as initial values at µ = M ∆ and solve simultaneously their one-loop RGEs up to the Planck scale. The value of the Higgs quartic coupling λ at µ = M ∆ is obtained by running its SM RGE up to µ = M ∆ . At this energy its RGE is modified to account for the new contributions coming from the interaction with the scalar triplet. During the running of the couplings it is checked that the perturbativity, vacuum stability and unitarity conditions are always satisfied at each intermediate scale, so that only those sets of parameters that satisfy them up to the Planck scale are kept.
The parameter λ 6 is not randomly generated, but is calculated using Eq. (9) for every set of (λ 4 , λ 5 ) once (M ∆ , v ∆ ) are fixed. As discussed before, in our scenario λ 6 is very small in comparison with the other couplings. Figures 2-5 show the allowed parameter space for the type II seesaw model with different choices of v ∆ = 3.5, 2, 1 and 0.5 eV, respectively. The blue points in each plot satisfy the perturbativity, vacuum stability and unitarity conditions up to the Planck scale and the pink points also satisfy the naturalness condition |δm For the low scale seesaw with M ∆ < ∼ 3 TeV and small VEV, v ∆ ∼ O(eV), the parameter scan shows that the parameter space is roughly restricted to the values
independently of the hierarchy of the neutrino masses, the values of m νmin and the Majorana phases. Nevertheless, due to the vacuum stability and unitarity conditions, not all values in these ranges are allowed, but present various correlations, as we will discuss in the following. Figure 2a shows the allowed parameter space in the (λ 1 , λ 2 ) plane. The restriction on the lower value of λ 1 is λ 1 > 0, while for λ 2 it is λ 2 ≥ −2λ 1 , which correspond to the second and third vacuum stability conditions, Eqs. (23b), (23c) respectively. The upper bounds of λ 1 and λ 2 come from the perturbativity condition, i.e. imposing that the couplings should be smaller than 4π up to the Planck scale. Figure 2b shows the allowed parameter space in the (λ 4 , λ 5 ) plane. Since the values of λ 6 are too small to influence the running of λ, the only possibility to prevent λ from becoming negative at high energies is to have large enough values of |λ 4 | and/or |λ 5 |. Therefore, the region around (λ 4 , λ 5 ) = (0, 0) is forbidden, since the RGE for λ in the vicinity of this region is almost identical to its SM RGE, and hence, we would hit the SM vacuum instability λ < 0 below the Planck scale, violating the first stability condition, Eq. (23a). The fourth and fifth vacuum stability conditions, Eqs. (23d), (23d), set a lower and upper bound on λ 5 : λ 5 ≥ −λ 4 − √ λλ 1 and λ 5 ≤ λ 4 + √ λλ 1 , which exclude the region of large |λ 5 | for small λ 4 . Large values of both λ 4 and λ 5 are excluded by imposing perturbativity up to the Planck scale. Figure 2c shows the scatter plot in the (|λ 4 |, λ 6 ) plane. As explained before, in the low scale seesaw and for small triplet VEV, λ 6 takes very small values and its effect both in the RGE of λ and in the Higgs mass correction are negligible compared to the other parameters. Indeed, from this plot we observe that λ 6 is of the order O(10 −11 − 10 −10 ), as expected from Eq. (15), while λ 4 is of order O(0.1).
Finally, Figure 2d shows the correction to the Higgs mass, Eq. to the Higgs mass squared so that the naturalness condition reads |δm h . This is in fact the case, as can be seen in Figures 3d-5d : for large values of M ∆ and λ 4 the naturalness condition is not fulfilled (blue points). Nevertheless, there still exist a large parameter space for the whole range of M ∆ in which the naturalness condition is still satisfied (pink points). However, the larger the mass of the triplet and the value of λ 4 , the smaller the allowed parameter space. Thus, from the naturalness point of view, small values of M ∆ and λ 4 are favored.
As for v ∆ = 3.5 eV, the dependence of the allowed parameter space on the neutrino mass and mixing parameters is only present in the RGEs of the couplings and thus not significant. 
B. LFV Predictions
We have seen that there exists a relatively large parameter space in which the vacuum stability, unitarity and perturbativity conditions are satisfied for masses below ∼ 3 TeV. The naturalness condition is also satisfied by a large subset of this allowed parameter space. For masses above ∼ 3 TeV, the allowed values from naturalness become more and more restricted, being almost non-existent for triplet masses above ∼ 4 TeV. This suggests that, if the type II seesaw model is realized in nature and if one wants to keep the radiative corrections to the Higgs mass under control, masses below 3 TeV would be favored. Using this as our motivation, in this section we study the implications of a low-scale triplet for LFV experiments. In particular, we discuss here the prospects for the future LFV experiments like MEG II [49] and PRISM/PRIME [54] , which will search for BR(µ → eγ) to the level of 10 , respectively, and in case of non-observation, will set the most stringent limits on the triplet mass, as discussed in Sec. III D. Figure 6 shows the dependence of the BR(µ → eγ) predicted by the type II seesaw model [cf. Eq. (29)] on the triplet mass M ∆ for various values of the triplet VEV v ∆ and for both NH and IH. Here we have used the best-fit values of the neutrino oscillation parameters from a recent global fit [51] .
3
. The horizontal (red) shaded region in each plot denotes the current 90% CL exclusion from the MEG experiment [49] , whereas the dotted and dot-dashed lines show the expected sensitivity of the upgraded MEG II [55] and PRISM/PRIME [54] , respectively. As can be seen from these figures, for v ∆ = 3.5 eV (v ∆ = 0.5 eV) the current limit set by the MEG experiment is M ∆ ≥ 200 GeV (M ∆ ≥ 1.4 TeV), while MEG II will be able to probe up to ∼ 500 GeV (∼ 3.5 TeV). The limits are slightly more stringent for IH, as compared to the NH case. The √ s = 13 TeV LHC limit on the doubly-charged scalars dominantly decaying to electron and muon final states is roughly 800 GeV at 95% CL [44] , as shown by the vertical (gray) shaded region in Figure 6 . From these considerations, it follows that for v ∆ = 3.5 eV, the µ → eγ process cannot be detected. But smaller values of the triplet VEV imply larger Yukawa couplings and the LFV decay could be seen in these cases. 
C. Predictions for h → γγ and Zγ
Another prediction one can make within the low scale type II seesaw is concerning the radiative Higgs decays h → γγ and h → γZ. The lengthy expressions for the branching ratios can be found in Refs. [35, 56] . They depend on EW parameters, triplet masses, v ∆ and λ 1,2,4,5 . Experimentally [57] , the ratio
is constrained to R γγ = 1.16
−0.18 . The final HL-LHC sensitivity is at around 10% precision [58]. The analogous ratio R Zγ will be measured only to within 30% by the HL-LHC [58] .
Scatter plots for the ratios R γγ and R Zγ are shown in Figures 7 and 8 for our benchmark cases of v ∆ = 3.5, 2, 1 and 0.5 eV. As before, all points satisfy the vacuum stability, unitarity and perturbativity conditions up to the Planck scale, whereas the pink points additionally satisfy the naturalness condition. We see that the predictions of our testable type II seesaw scenario do not allow for any sizable deviations from the SM h → γγ or h → γZ decay rates. Therefore, this feature could be used to falsify the low-scale type II seesaw model, if a statistically significant deviation in these decay rates is observed in future data. 
V. CONCLUSIONS
We have studied the type II seesaw model, which accounts for small neutrino masses through the tree level exchange of a heavy scalar triplet. As in any extension of the SM by new heavy particles coupling to the SM Higgs doublet, it could lead to a hierarchy problem if the quantum corrections to the Higgs mass were too large. A simple naturalness criterion is that the radiative corrections to the Higgs mass should be at most of the order of the physical Higgs mass. We have studied the implications of this naturalness criterion on the type II seesaw parameter space.
We have restricted ourselves to the study to the low-scale scenario, with triplet masses up to the TeV scale, which could be testable at the LHC or future colliders and LFV experiments. We have in addition considered natural values of the triplet VEV of the order of eV, which lead to sizable Yukawa couplings between the triplet and the SM leptons. In this pragmatic setting, our analysis demands that the model parameters obey, besides current experimental constraints, vacuum stability, unitarity and perturbativity limits up to the Planck scale. With regards to LFV, we have focused mostly on the decay µ → eγ, which is guaranteed to happen in the type II seesaw model, unlike other LFV processes like µ → 3e which could be suppressed by an appropriate choice of the Majorana phases.
We have shown that for triplet VEVs larger than 2 eV there is no constraint from naturalness if the triplet mass is below 1 TeV. Lowering the VEV below 1 eV implies larger triplet masses beyond 1 TeV from the constraint of the decay µ → eγ, and part of the parameter space that is testable at the LHC and with µ → eγ becomes ruled out by naturalness considerations. Predictions for µ → eγ and Higgs branching ratios h → γγ and h → Zγ have been made in this setup. In particular, triplet VEVs larger than 2 eV imply no signals in µ → eγ searches for the scenario under study, while smaller VEVs can generate observable LFV decay rates in future experiments. This occurs for a triplet mass regime that is accessible by future colliders.
Our scenario is thus testable and provides a straightforward example on low scale neutrino mass generation with various implications in the Higgs sector and beyond.
